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Today’s Schedule

09:00 - 10:15  Lecture

10:15 - 10:30  Coffee Break
10:30 - 11:30  Lecture

11:30 - 12:00  Informal Q&A

12:00 - 13:00 Lunch

13:00 - 14:15  Lecture

14:15 - 14:30  Coffee Break
14:30 - 15:30  Lecture

15:30 - 16:00  Informal Q&A

Francisco Blasques GAS models



Today’s Summary

Morning: Theory
@ Introduction to GAS models

Q Why use GAS models?
@ Stochastic properties of GAS models

Q@ Estimating the parameters of GAS models

Afternoon: Applications

o GAS Forecasting: Comparison with State Space Models

o Dynamic Factor Models with Mixed Measurements and

Mixed Frequencies

o Modeling Dynamic Volatilities and Correlations with GAS

GAS models



Morning Summary

@ Introduction to GAS models

Q Why use GAS models?
o The GAS update is optimal

@ Stochastic properties of GAS models

o Strict stationarity and ergodicity

o Existence of unconditional moments

@ Estimating the parameters of GAS models

o Estimation in mis-specified models

o Estimation in well-specified models

Blasques GAS models



INTRODUCTION TO
GAS MODELS

CREAL, KOOPMAN AND Lucas (2014)

“A GENERAL FRAMEWORK FOR OBSERVATION DRIVEN
TIME-VARYING PARAMETER MODELS”

www.gasmodel.com
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What are GAS models?

GAS models are state space models :

i.e. Behavior of {y:} explained using a tv parameter {fi} :

yr = ft +ur  where {w;} isiid
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What are GAS models?

GAS models are state space models :

i.e. Behavior of {y:} explained using a tv parameter {f;} :

Yyt = fr +u;  where {w;} isiid

Note: This is a postulated structure! DGP can be different!
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What are GAS models?

GAS models are state space models :

i.e. Behavior of {y;} explained using a tv parameter {f:} :

yt = ft +u  where {w;} isiid
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What are GAS models?

GAS models are state space models :

i.e. Behavior of {y:} explained using a tv parameter {fi} :

yr = fr-uz  where {u;} isiid
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What are GAS models?

GAS models are state space models :

i.e. Behavior of {y;} explained using a tv parameter {f:} :

Yyt = ft - yi—1 +u  where {w;} isiid
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What are GAS models?

GAS models are observation-driven models:

i.e. Update of f;41 depends on observed y;

yelfe ~0elfe) o firr = d(ys, fr)
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What are GAS models?

GAS models are observation-driven models:

i.e. Update of f;+1 depends on observed y;

yelfe ~ ol fe) 5 ferr = oy, fr)

Alternative: Parameter-driven models:

i.e. Update of f; depends on exogenous innovation uy

Yelfe ~ p(uel fe) 5 fror = o(we, fi)

GAS models



What are GAS models?

GAS models are observation-driven models:

i.e. Update of f;+1 depends on observed y;

yelfe ~ p(wel fe) 5 ferr = oy, fr)

So what is special about the GAS?

o Computationally simple to use (observation driven)

o Substitute ad-hoc and problem-specific parameter update

function ¢ by an internally consistent and general update ¢

o The GAS update is optimal!
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The idea... time-varying mean example

Consider the following tv mean {y:} and estimated {f;} ...

3 . | .
-1 t t+1

Figure : {y;} (black line) , {f:} (red line)
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The idea... time-varying mean example

Consider the new observation of ys41...

Question: How should f;12 be updated?

t-1 t 1
Figure : {y;} (black line) , {f;} (red line)
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The idea... time-varying mean example

A possible answer: fi12 = ¢(Yr+1, fr1) = w + ayy1 + Bfeta
GAS answer: it depends! what does p(yi+1]|fi+1) look like?

t-1 t T
Figure : {y;} (black line) , {f;} (red line)

Francisco Bla s GAS models



The idea... time-varying volatility example

Consider the following tv volatilty {y;} and estimated {f:} ...

4 T
oL 4
0 ———r]

t

Figure : {y;} (black line) , {f:} (red line)
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The idea... time-varying volatility example

Consider the new observation of y;y1...
Question: How should f;12 be updated?

Figure : {y;} (black line) , {fi} (red line)
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The idea... time-varying volatility example

A possible answer: frio = (Y1, fr1) = w + @iy + Bfin
GAS answer: it depends! how is p(yry1|fit1) ?

Figure : {y:} (black line) , {f:} (red line)

GAS models



The GAS Model

v =9(fe,ue) ,  {ug} iid ~py

fer1 = w +as(ys, fi) + Bfe.

o w, a, f and A are time-invariant scalar parameters.
o s(yt, fr) = V(yt, ft) - S(ft) is a scaled score:

V(ye, ft) == 81I129(?Jt|ft)/3f

o s(yt, ft) can be linear, nonlinear or invariant in f;.
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GAS Models

Distinctive feature of GAS: The use of s(yt, ft)

frv1 = oy, fr) = w+as(y, fi) + Bfi

(s = Vo f) - 5(f) = ZERII gz,

Intuition: update parameter f; to more likely value f;+1 by

taking steepest ascent step in direction s(yq, fi).

Scaling: use local curvature to improve step; e.g. a power

(a=0,1, 3) of the inverse information matrix

S(fi) = Er1 [Vz(yt, ft)] _a.

GAS models



GAS Models: Generality

Question: What kind of updates do we get?

Answer: Well... many!

GAS encompasses well-known observation driven time-varying

parameter models as characterized by Cox (1981):

o GARCH: Engle (1982) and Bollerslev (1986),

©

EGARCH: Nelson (1991) ,
ACD: Engle & Russell (1998),

(4]

o MEM: Engle (2002),
ACM: Rydberg & Shephard (2003).

(4]
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Example: Time-Varying Mean with GAS Dynamics

yr = fr + ouy where fi =w+as(y, fi) + Bfi,
{u;} iid with pdfp, , (w,a,B8,0)=80¢cO CR?

If: w~N(0,1) and S(f)=1

Ay
Then : p(ylfi) ~ N(ft,0?) . p(yelfe) = \/;?eXp(_(ytzaJ;t) )

Hence @ s(y, f;) = Ho82sl=ti) — ok

So the GAS update is: fi11 =w + a(y; — fi)/0? + Bf:
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Example: Time-Varying Mean with GAS Dynamics

yt = ft + ouy where fiy1 =w+as(ys, fi) + Bfi,
{u;} iid with pdf p,(\) , (w,a,B8,0,A)=60€ 0O CR>

If: w,~t(A\) and S(f)=1

A+ D)y — f1)/o?
Then : S(yt,ft) = 1(+ (vt )_(y;t)z/fg)z/_i_ Y

A+ 1)y — fr)/0?

Hence : = w4+
frn=w a1+(yt—ft)2/0’2+/\

+ B/
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Example: Time-Varying Mean with GAS Dynamics

SCorec
— A=5 -
— A=12
—  A=30
- A=100
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Example: Time-Varying Mean with GAS Dynamics

ye = h(ft) +w where fii1=w+as(y, fi) + Bfr,
{u;} iid with pdfp, , (w,a,B8,0)=0¢c©O CR?

In this model :  s(y:, fr) = —S(ft)Vou(yr — h(f))W (fr)

If: u;~N(0,1) and S(f)=1

Then : s(ys, ftr) = W' (fe)(ye — h(f2))

Important : p,, S, h = plylfe) = sy, fi)

Francisco Blasques GAS models



Example: Dynamic Volatility Model

yr = h(fr)ur where fip1 =w+as(y, ft) + Bfr
{w;} iid with pdfp, , (w,a,3)=0€0O CR?

If: w~ N(O, 1) , h(ft) = \/ﬁ and S(ft) =71
Then :  s(y, fi) =y? — fr (GARCH)
If: wu~t(\) , h(fo)=+fi and S(fy)=TI"!

2 —1
Then :  s(ys, fi) = (L +3271) <1yf|—(1)\+2§/}t - ft)

GAS models



Example: Time-Varying Volatility with GAS Dynamics

Volatility Example: y; = \/ﬁut s U ~t(N)

t-GARCH update: fi,1 = w+ ay? + B

t-GAS update: fi,; = w+a(l +3>\*1)<ﬁ?\—)y’“ ft) + Bf,
t

Main idea: score suggests conservative update for small A




Application: Dynamic Volatility Model

5c
—— S&P 500 — t-GAS volatility

4= G-GAS volatility
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OPTIMALITY OF GAS
MODELS

BLASQUES, KOOPMAN AND Lucas (2012)
“INFORMATION THEORETIC OPTIMALITY OF
OBSERVATION DRIVEN TIME SERIES MODELS”

www.gasmodel.com



First Motivation

Motivation 1:
@ GAS update is very intuitive!
Q Using the score seems optimal in some sense!

@ Likelihood and KL divergence are closely related

Question: Is the GAS update optimal in some KL sense?
Challenge 1: GAS update is surely not always correct!

Challenge 2: Comparing different observation-driven models is

only interesting under misspecification with very general DGP!
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Optimal Observation-Driven Update

Question: Is there an optimal updating equation?

Answer: This depends on the notion of optimality!
Result 1: The GAS update is optimal in KL-variation
Result 2: Only a GAS-type update is optimal in KL-variation

Note: Results hold for very general DGP!
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Second Motivation

Motivation 2: Great variety of update functions in

time-varying parameter models.

Example: Volatility models: y; = /frus

GARCH Engle (1992), Bollerslev (1986)
frrni=w+ay? + B

AV-GARCH Taylor (1986), Nelson & Foster (1994)
frr1 = w+ aly + Bfe

t-GAS Creal at al. (2011,2013), Lucas et al. (2014)
_ —1y( (A4
Jrrn =w+a(l 43X )(W ft) + Bfe

Question: which one is best?
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The Research Question

Question: which one is best?
Answer: depends on notion of best

Answer: depends on the distribution of the data (DGP)

Refined question: Allowing for a very general DGP, which
update is optimal in the Kullback-Leibler (KL) sense?

Short answer: The GAS update!

Claim 1: The GAS update is optimal in ‘KL variation’
Claim 2: Only a GAS update can be optimal in ‘KL variation’

Claim 3: Optimality in KL variation matters in practice!

Francisco Blasques GAS models



DGP and Observation-Driven Model

True sequence of conditional densities:

{ p(Ye| fr) } , true time-varying parameter {f;}
Conditional densities postulated by probabilistic model:
{ ﬁ(yt\ fe; 9) } ,  filtered time-varying parameter { ft}
ﬁ(yt|ft; 9) is defined implicitly by observation equation:
yt:g(f:tuut; 9)7 ug ~ pu(0),
Observation-driven parameter update:

firi=0(ye, f1;8), VteN,  fie FCR,
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Optimal Observation-Driven Update

Question: Is there an optimal form for the update equation?

firi=0(ye, f1;8), VteN,  fie FCR,

Answer: Yes! The GAS update which takes the form

ﬁ-ﬁ-l:w-l_as(ytaﬁ)-i_ﬂﬁv ViteN,
where s(y;, f;) is the scaled score

9log p(y:| fr; 0)
of

Main Idea: update parameter like in a Newton algorithm!

sy, 1) = S(fo)
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GAS Model: Volatility Example
Volatility Example: y; = \/ﬁut s U ~t(N)

t-GARCH update: fi,1 = w+ ay? + B

t-GAS update: fi,; = w+a(l +3>\*1)<ﬁ?\—)y’“ ft) + Bf,
t

Main idea: score suggests conservative update for small A
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GAS Model: Volatility Example

5
—— S&P 500 —— t-GAS volatility

S = G-GAS volatility
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Definition: KL Variation

Definition: The KL variation A of a parameter update

from f; to fi41 is defined as

A = Dxi(fi, fre1) — Dxu(fi, fi)

where  Dxr(f, fi) = Dxw <p('!ft) ,p(- |ft39))-

p(lfe)
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The First Result: KLV-Optimality

LET s(ys, f1;0) = S(f;) - 0log p(y:| fi;8)/0f with

o S(f)>0VYfeF and

o dlog p(ys|fi;0)/0f is continuously differentiable.

THEN the GAS update is locally KLV-optimal
uniformly in p, fy € F, and fieF.

Local optimality: ft+1 is in the neighborhood of ft

In paper: non-local results, expected and realized optimality

Francisco Blasques GAS models



The Second Result: If and only if...

Definition: A parameter update fii11 = é(yt, fi; 0)

is said to be score-equivalent if

sign(Vo(f,y;0)) = sign(s(f,y;0)) for almost every (y, f)

PROPOSITION

LET the assumptions above hold.

THEN an update function ¢ is locally KLV-optimal if and only

if it is score-equivalent.

GAS models



Application: Volatility Model

Data Generating Process:

yr =/ frue, ug ~ 7(N),
log fy = a+blog fr1 +us,  us ~ NID(0,02),

Parameter Values: a =0, b = 0.98, o, = 0.065, \ € [2,8].

Compared Models: GARCH, t-GARCH and t-GAS.

Yt =/ frug
(GARCH) fy=w+ay? |+ Bfi1 , uz~ N(0,0%)
(t-GARCH) fi=w+ ayf_l + Bfi—1 ;o ug ~7(v)

(t-GAS)  fi =w+as(yi-1, fi-1) + Bfica , w~T7(WV)
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Application: Volatility Model

Data Generating Process:
Yt =/ frue, ug ~ 7(A),
log fy =a+blog fi1 +u,  w ~ NID(0,02),

Parameter Values: a =0, b =0.98, o, = 0.065, A € [2,8].
Note: Comparison at pseudo-true parameters 8 = arg min K L

Sample size T: Large enough for ML estimator to converge to

pseudo-true parameter (at 3rd decimal place).

Asymptotic Theory: Convergence of ML estimator to

pseudo-true parameter in misspecified GAS is ensured!
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KLV Optimality Regions

GARCH-t GAS
15 g
0.6 0.6
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0.5 0.5
S - 04 - o4
0.3 <03
Y0 02 0.2
-5 0.1 0.1
0 0
-10
.‘ I ‘ I
A3 . y 0.2 sy a2z

Figure : KLV regions for a conditional density of y; given f; used in
these pictures is the standard Student’s ¢t with A = 3 degrees of
freedom. The regions are plotted for a given true f; ~ 1.2.

Blasques GAS models



Relative KL and Relative RMSE

Relative KL Divergence:
KL ( DGP , GAS )

RKL(GAS, Amod) =1-— (DGP’ Amod)

Relative RMSE:
RMSE ( DGP , GAS )

RRMSE( GAS , Amod ) = 1 — RAISE (DG  Amod

Note: GAS is better when RKL > 0, RRMSE > 0

Note: GAS is infinitely better when RKL — 1, RRMSE — 1
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Relative KL Divergence and Relative RMSE

1

Relative KL Divergence

0,

0.8
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Relative KL

0.2
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Figure : Left: Relative KL divergences and RMSE for ¢-GAS relative to

Relative MSE

Relative RMSE

>

GARCH (solid curve) and to t-GARCH (dashed curve). T' = 35, 000.

Note: GAS is better when RKL > 0, RRMSE > 0

Note: GAS is infinitely better when RKL — 1, RRMSE — 1
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Summary: Optimality

@ The local GAS update is optimal in KL variation under

very mild smoothness conditions

© The optimality in KL variation results in considerably

smaller KL divergence between the model and the DGP

@ Non-local results and other extensions are also available in

the paper.
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STOCHASTIC PROPERTIES
OF GAS MODELS

BLASQUES, KOOPMAN AND Lucas (2012)

“STATIONARITY AND ERGODICITY OF UNIVARIATE
(GENERALIZED AUTOREGRESSIVE SCORE PROCESSES”

BLASQUES, KOOPMAN AND Lucas (2014)

“MAXIMUM LIKELIHOOD ESTIMATION FOR GAS MODELS:
FEEDBACK EFFECTS AND CONTRACTION CONDITIONS”

www.gasmodel.com



Stochastic Properties of Simple Models

Stochastic properties of simple models:

What you know for sure...

Model Linear AR(1): x; = a+ Bxy—1 +uw;  with iid {w;}
Then {z;} is strictly stationary and ergodic if |5] < 1
Then {z;} is weakly stationary if |3] < 1 and E|u|? < oc.

What you might not know...
This is only a special case of a much more general theory!
Lyapunov (1882), The General Problem of Stability of Motion

Nonlinear stochastic AR models of great complexity!

GAS models



Stochastic Properties of Complicated Models

The more general theory:

Model: Non-linear AR(1): zy = ¢(zp—1,ur) with iid {u}

IMPORTANT: {z;} is strictly stationary and ergodic if
Q@ ¢(x,u;) has a log moment for some x:

Elog™ ¢(x,us) < 0o

Q ¢(x,uy) is contracting on average:

8¢xut‘<1

Elogsup)—‘ <0 <« Esup‘
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Stochastic Properties of Complicated Models

Linear AR: z;y = a + Bx4—1 + us we have:

Esup‘ z, ) ‘—Esup|ﬁ|<1:|ﬁ|<1
T

Quadratic AR: z; = o+ 2| 4 u; we have:

E sup 8¢(

‘ = Esup |268z] = 0o = unstable unless § = 0.

Random-Coefficient AR: z; = o + Sixi—1 + us we have:

8¢xut’_

Esup‘ Esup |5 = E|f] < 1

Francisco Blasques GAS models



Stationarity and Ergodicity

Model: Yt :g(ftvut) ; ft+1 :w+a8(ftayt)+ﬁft

Stationarit and os(f* 1-—
narity Esup| Y ,yt)‘ el [2]
Ergodicity of filter fr of |af
B B B
o 1. 1.0
0.5 0.5 0.5
2 - 1 2 { 2% 2 1 2
—05 -0.5
+6 -1.0
(a) Maximal (b) Non-Degenerate (¢) Degenerate
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Stationarity and Ergodicity

Model: y; =g(ft,ue) ,  fro1 = w+as(fe,g(fr,ur)) + Bfe

Stationarity and Os(f*, g(f*,ur)) 1—15]
. Esup
Ergodicity of filter I of |af
] ] 5
o 1. 1.0
0.5 0.5 0.5
2 - 1 2 { 2% 2 1 2
—05 -0.5]
+6 -1.0
(d) Maximal (e) Non-Degenerate (f) Degenerate
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Reformulation of GAS Model

ye =g(fr,ur) ,  {uefiid ~pu(A)
fern =w +as(ys, fr) + Bfi.

GAS models



Reformulation of GAS Model

ye =g(fr,ur) ,  {ue)iid ~ pu(A)
fern =w +as(ys, fr) + Bfi.

o IMPORTANT:
The dynamic properties of the filtered f; depend on {y;}

fes1 = w+ Bf + as(ys, fr)

The dynamic properties of the true f; depend on {u;}

ftri=w+Bfi +as (g(ft, ut) ft)
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Reformulation of GAS Model

ye =g(fr,ur) ,  {ue)iid ~ pu(A)
fern =w +as(ys, fr) + Bfi.

o IMPORTANT:
The dynamic properties of the filtered f; depend on {y;}

fes1 = w+ Bf + as(ys, fr)

The dynamic properties of the true f; depend on {u;}

ftri=w+Bfi +as (g(ft, ut) ft)

o IMPORTANT: These two sequences are very different!

Francisco Blasques GAS models



Reformulation of GAS Model: GARCH example

ye =g(fr,ur) ,  {uefiid ~pu(A)
fern =w +as(ys, fr) + Bfi.

o IMPORTANT:
The dynamic properties of the filtered f; depend on {y;}

ferr = w + B+ as(y, fo)
The dynamic properties of the true f; depend on {u;}

fiy1 =w+ Bfi +as (g(ft>ut) ) ft)

o IMPORTANT: These two sequences are very different!
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Reformulation of GAS Model: GARCH example

ye =g(fr,ur) ,  {ue)iid ~ pu(A)
fern =w +as(ys, fr) + Bfi.

o IMPORTANT:
The dynamic properties of the filtered f; depend on {y;}

for = w+ Bfi+a (v - i)
The dynamic properties of the true f; depend on {u;}
friri=w+Bfi+a(u; —1)- f

o IMPORTANT: These two sequences are very different!
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Example: --GAS Volatility model

ye = g(frour) = Vi -ug,  with py(ug \) = t(\)
Creal et al. (2011, 2013)
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Example: --GAS Volatility model

ye = g(frour) = Vi -ug,  with py(ug \) = t(\)
Creal et al. (2011, 2013)

Contraction of filter: (difficult!)

Elog St}p ’B + a0s(ft, yi; A)/3]“}’ <0

(14 N2/
ardonE ~II<

< Elogsup ’ﬁ +a(l+ 3)\_1)<
f
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Example: --GAS Volatility model

ye = g(frour) = Vi -ug,  with py(ug \) = t(\)
Creal et al. (2011, 2013)

Contraction of filter: (difficult!)

Elog St}p ’ﬁ + a0s(ft, yi; A)/3]“}’ <0

L+ N/ (Mf)?
(1+y2/(Mfo)?

Note: Supremum obtained as f 0=+ (A+3) -«

Note: (a,3)-SE regions become smaller for larger \

<:>Elogsup’5+a(1+3)\_1)< 1)‘ <0
f
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Example: --GAS Volatility model

ye = g(frour) = Vi -ug,  with py(ug \) = t(\)
Creal et al. (2011, 2013)

Contraction of filter: (difficult!)

Elog St}p ’ﬁ + a0s(ft, yi; A)/3]“}’ <0

L+ N/ (Mf)?
(1+y2/(Mfo)?

Note: Supremum obtained as f 0=+ (A+3) -«

Note: (a,3)-SE regions become smaller for larger \

<:>Elogsup’5+a(1+3)\_1)< 1)‘ <0
f

Note: Discontinuity at infinity towards the normal
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Example: --GAS Volatility model

ye = g(fr,ur) = V[ -ue,  with py(ug ) = t(N)
Creal et al. (2011, 2013)

Contraction of DGP: (easy!)

E sup ’ﬂ-l—aasu(f,ut;)\)/aﬂ <1
f

(L V) (/A
u? 2
@Elog‘ﬂ—i—a(l—l—i’))\_l)(%—l)‘ <0
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Example: --GAS Volatility model

ye = g(fr,ur) = V[ -ue,  with py(ug ) = t(N)
Creal et al. (2011, 2013)

Contraction of DGP: (easy!)

E sup ’ﬁ-l—aasu(f,ut;)\)/aﬂ <1
f

(L V) (/A
u? 2
@Elog‘ﬁ—i—a(l—l—i’))\_l)(%—l)‘ <0

Note: Contraction does not depend on f;
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Example: --GAS Volatility model

ye = g(fr,ur) = V[ -ue,  with py(ug ) = t(N)
Creal et al. (2011, 2013)

Contraction of DGP: (easy!)

E sup ’ﬁ-l—aasu(f,ut;)\)/aﬂ <1
f

(L V) (/A
u? 2
@Elog‘ﬁ—i—a(l—l—i’))\_l)(%—l)‘ <0

Note: Contraction does not depend on f;

Note: FEasy to find the combinations of o and 3 that

satisfy this condition
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Note: When ¢(fi,y:) is contracting we say that the filter is

invertible. This is because

ferr = o(fesve) = E(Ues -1, Ye—2, )

Note: When ¢(f;, u;) is contracting then the true {f;} is SE

Note: If the DGP of {f;} is SE and g is continuous, then the
data {y;} generated by the model y; = g(fi,u;) is also SE.

Note: Invertibility of the model is always needed for estimation
because the filtered {f;} enters the likelihood function

Note: Contraction of ¢(ft,us) is needed under correct
specification to show that the data {y;} is SE.
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ASYMPTOTIC PROPERTIES
OF MLE FOR GAS

BLASQUES, KOOPMAN AND Lucas (2014)

“MAXIMUM LIKELIHOOD ESTIMATION FOR
GENERALIZED AUTOREGRESSIVE SCORE MODELS”

www.gasmodel.com



Estimation in Practice

IMPORTANT: GAS models are very easy to estimate!

Note: The log likelihood function is just the average of the log

conditional densities:

U6;y1, .., yr) Zlogpytlft() )

Step-by-step:
@ for a starting value (w,a, 5,\) =0 € ©
initialize the filter at some f1(8)
use the data y, ..., yr to calculate f2(8), ..., fr(0)
calculate the log likelihood £(0;y1, ..., yT)

© © ©0 ©

iterate over 0 to find the maximum of ¢(8;yi, ..., yr).
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Estimation in Practice: Gaussian local level

Example: y, = fi + u; with u, ~ N(0,1)

T p2
U8; 1, - yr) = ;Zlog[ exp( . 2ft) )]
1 T
“T;(yt f1(0))

Step-by-step:
@ for a starting value (w, o, 3) =0 € ©
Q initialize the filter at some f;(0)
@ use the data yy, ..., yr to calculate f2(8), ..., fr(0)
Q calculate the log likelihood 4(0;y1, ..., yr)
@ iterate over 6 to find the maximum of ¢(0;y, ..., yr).
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Estimation in Practice: Gaussian local level

The theory of ML estimation is a bit more complicated...

... but still a lot of fun!
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Asymptotic Properties of Estimators

What you surely know!

In simple models we can...
@ derive an expression for the estimator
Q show that LLNs and CLTs and apply
@ obtain CAN results for correctly specified models

Linear AR(1): ¢ = Bxi—1 + uy
T 1 T
Zt:1 TtTt—1 T thl TiTt—1

Estimator of 3: BT = =
T 2 15T 2
Dot=1 T T 2ote1 Tt

o If || < 1 then LLNs and CLTs apply and 7 is CAN!
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Asymptotic Properties of Estimators

What you might not know...
@ We don’t need the estimator to be tractable!
@ We don’t need the model to be well specified!

A wery brief history of estimation:

LLN: Cardano (1500’s) stated LLN without proof. First proof in Jacob
Bernoulli’s (1713) Ars Conjectandi. Simpler proof by Pafnuty
Chebyshev (1874) using (unproved) inequality. Markov’s (1884) thesis
contains proof.

OLS: Discovered by Gauss (1821) and republished by Markov (1900).

General: Doob (1934), Cramer (1946), Wald (1949), Le Cam (1949),
Jennrich (1969), Malinvaud (1970).
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Asymptotic Properties of Estimators

Modern CAN proofs:

Analytically intractable estimators:
using theory of Wald (1949) and Jennrich (1969)!
Mis-specified models:

CAN w.r.t. pseudo-true parameter 6y

©

0, minimizes KL div in ML and weighted L2 norm in LS

©

0; of other estimators minimizes other distances

o we can compare 6 of different estimators

©

if model is well-specified then 8 = 6y
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The Univariate GAS Model

Real-valued stochastic sequence {y;} with tv p(y|f:),

ye =g(h(fi),us) ,  {ue} iid ~ pu(X)
frv1 = w +as(ys, fi) + Bfr.

(]

ft is a real-valued tv parameter,

o h:R — R is parameterization function,

(4]

w, a, B and A are time-invariant scalar parameters,

o s(yt, fr) = V(yr, ft) - S(ft) is a scaled score:

V(yt, ft) := 0Inp(yelh(ft))/0ft

o s(y¢, ft) can be linear, nonlinear or invariant in f;.

GAS models



The Univariate GAS Model

Why use the score?
o Likelihood optimization: steepest ascent update

o Optimal in KL divergence

Why use a scaling function for the score?
o Control step size

o Inverse information scaling: Newton-Rapshon update

How general is this?
e.g. GARCH, EGARCH, MEM, ACD, ACM and more!

GARCIE: 3 = g(h(fi)yu) = VFou
fior = wroas(y, f) +Bfe = wHay? +bf
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Application: Dynamic Volatility Model

5
—— S&P 500 —— t-GAS volatility

S = G-GAS volatility

3+

2t
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! m'
N
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1 | Hink

P S S S S R R
19855 1986.0 1986.5 1987.0 1987.5 1988.0 1988.5 1989.0 1989.5 1990.0 1990.5
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ML Estimation of Time-Invariant Parameters

Existing results on ML estimation of 0 := (w,a, 5, \)

@ Special cases:
o GARCH, EGARCH, MEM, ACD, ACM

o Some general classes:

e.g. Straumman-Mikosch (2006) conditional volatility models:

ye = 9(h(fe),we) =/ fruy  and  fi1 = F(fi,y:;0).

@ Score driven models:
o Harvey (2010, 2013):

o Conditional volatility GAS with exponential link function

o Linear dynamics + Correct specification 4+ Local results
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ML Estimation of Time-Invariant Parameters

yr =g(h(fe),we) ,  fie1 =w+as(y, fir) + Bfe

Objective: Find simple conditions on g, h, p,, S and ©

that ensure consistency and asymptotic normality of MLE:

o allowing for nonlinear dynamics in {f;}.

o allowing for local and global results

o allowing for correct and incorrect model specification

Problem: Generality comes at a cost... a given condition might

fit some choice of g, h, p, and S, but not others.

Solution: Balance between generality and easy applicability!
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ML Consistency

Consistency Conditions:
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ML Consistency

Consistency Conditions:

IF Uniform convergence of likelihood function:

sup |L7(8, filyT) — Loo(0)| B0 VAEF asT — .
6cO
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ML Consistency

Consistency Conditions:

IF Uniform convergence of likelihood function:

sup |L7(8, filyT) — Loo(0)| B0 VAEF asT — .
6cO

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(89) Y u>0
0O : ||6—6¢|>u
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ML Consistency

Consistency Conditions:

IF Uniform convergence of likelihood function:

sup |L7(8, filyT) — Loo(0)| B0 VAEF asT — .
6cO

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(89) Y u>0
0O : ||6—6¢|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF Uniform convergence of likelihood function:

sup |L7(0, fi|yr) — Loo(0)| 30 V fi € F as T — oc.
6co

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(89) Y u>0
0O : ||6—6¢|>u

THEN 67 %3 0y as T — <.
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ML Consistency

Consistency Conditions:

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(0p) Y u>0
0O : ||6—60|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF {LT(O,fl\yT)} is SE V (O,fl) €0 x F.

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(0p) Y u>0
0O : ||6—60|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:
IF {LT(O,fl\yT)} is SE V (O,fl) €0 X F.
IF E|LT(0af1’yT)|<OOV(07f1)E@X‘F'

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(0p) YV u>0
0O : ||6—60|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:
IF {LT(O,fl\yT)} is SE V (O,fl) €0 X F.
IF E|LT(0af1’yT)|<OOV(07f1)E@X‘F'

IF Lp(0, filyr) is smooth in 6

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(0p) YV u>0
0O : ||6—60|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF {Lr(0, filyr)} is SE V (0, f1) € © x F.
IF E|Ly(8, filyr)| < oo ¥ (6, f1) € © x F.
IF Lp(0, filyr) is smooth in 6

IF Compact ©

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(0p) YV u>0
0O : ||6—60|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF {L7 (0, filyr)} is SE VY (0, f1) € © x F.
IF E|L7(0, filyr)] < oo V (0, f1) € © x F.
IF Lp(0, filyr) is smooth in 0

IF Compact ©

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(0p) YV u>0
0O : ||6—60|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF Compact ©

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(0p) Yu>0
0O : ||6—6¢|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF {(y:, f+(0, f1))} is SE V¥ (8, f) € © x F.

IF Compact ©

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(0p) Yu>0
0O : ||6—6¢|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:
IF {(ys, f:(0, f1))} is SE V (0, f1) € © x F.

IF Ely|™ < oo and E|f;(0, f1))|™ < o0

IF Compact ©
IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(0p) Y u>0
0O : ||6—60|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF {(y:, f:(0, 1))} is SE V (6, f1) € © x F.

IF E|y|™ < oo and E|f(0, f1))|™ < o0

IF g, h, S and p,, are smooth with bounded n'" derivative

IF Compact ©

IF Identifiable uniqueness of 8y :

sup Lo(0) < Loo(0p) Y u>0
0O : ||6—60|>u

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF {(ys, f:(0, f1))} is SE V (0, f1) € © x F.

IF Ely|™ < oo and E|f(6, f1))|™ < o0

IF g, h, S and p,, are smooth with bounded n'" derivative

IF Compact ©

IF Identifiable uniqueness of @ :

sup Loo(0) < Log(09) Y u>0
0€O : ||6—0¢||>u

THEN 67 %3 6y as T — oc.

Francisco Blasques GAS models



ML Consistency

Consistency Conditions:

IF {(y:, f:(0, 1))} is SE V (6, f1) € © x F.

IF E|y|™ < oo and E|f(0, f1))|™ < oo

IF g, h, S and p,, are smooth with bounded n'" derivative

IF Compact ©

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF {(y:, f:(0, 1))} is SE V (6, f1) € © x F.

IF E|y|™ < oo and E|f(0, f1))|™ < oo

IF g, h, S and p,, are smooth with bounded n'" derivative

IF Compact ©

IF Model parameter identification (local or global)

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF {(y:, f:(0, 1))} is SE V (6, f1) € © x F.

IF E|y|™ < oo and E|f(0, f1))|™ < oo

IF g, h, S and p,, are smooth with bounded n'" derivative

IF Compact ©
IF Model parameter identification (local or global)

IF Correct specification or unique pseudo-true parameter

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IF {(y:, f:(0, 1))} is SE V (6, f1) € © x F.

IF E|y|™ < oo and E|f(0, f1))|™ < oo

IF g, h, S and p,, are smooth with bounded n'" derivative

IF Compact ©
IF Model parameter identification (local or global)

IF Correct specification or unique pseudo-true parameter

THEN 67 %3 6y as T — oc.
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ML Consistency

Consistency Conditions:

IE {(y:, f:(0, 1))} is SE V (8, f1) € © x F.

IF E|y|™ < oo and E|f(0, f1))[™ < oo

IF g, h, S and p, are smooth with bounded n*® derivative

IF Compact ©

IF Correct specification or unique pseudo-true parameter

THEN 9T 220, as T — oo.
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ML Consistency

Consistency Conditions:

IE {(y:, f:(0, 1))} is SE V (8, f1) € © x F.

IF E|y|™ < oo and E|f(0, f1))[™ < oo

IF g, h, S and p, are smooth with bounded n*® derivative
IF Compact ©

IF Invertibility conditions on g, h, S and p,

IF Correct specification or unique pseudo-true parameter

THEN 9T 220, as T — oo.
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ML Consistency

Consistency Conditions:

IE {(y:, f:(0, 1))} is SE V (8, f1) € © x F.

IF E|y|™ < oo and E|f(0, f1))[™ < oo

IF g, h, S and p, are smooth with bounded n*® derivative
IF Compact ©

IF Invertibility conditions on g, h, S and p,

IF Restrictions on © and Var(s:(f;)) > 0

IF Correct specification or unique pseudo-true parameter

THEN 9T 220, as T — oo.
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ML Consistency

Consistency Conditions:
o IF {(y:, f:(0,f1))} is SE V (8, f1) € © x F.
o IF Ely|™ < 0o and E|f(6, f1))|™ < oo
IF g, h, S and p, are smooth with bounded n*® derivative
IF Compact ©
IF Invertibility conditions on g, h, S and p,
IF Restrictions on © and Var(s:(f;)) > 0

IF Correct specification or unique pseudo-true parameter

THEN 9T 220, as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:
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ML Asymptotic Normality

Asymptotic Normality Conditions:
IF CLT for the score:

VTL; (00, f1) % N(0,1(80)) Y fre F as T — oc.
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ML Asymptotic Normality

Asymptotic Normality Conditions:
IF CLT for the score:

VTL; (00, f1) % N(0,1(80)) Y fre F as T — oc.

IF Uniform convergence of second derivative:

a.s

sup | L4 (0, filyr) — L' (8)| %30 V fi € F as T — oo.
6cO
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ML Asymptotic Normality

Asymptotic Normality Conditions:
IF CLT for the score:

VTL; (00, f1) % N(0,1(80)) Y fre F as T — oc.

IF Uniform convergence of second derivative:

a.s

sup | L4 (0, filyr) — L' (8)| %30 V fi € F as T — oo.
0coO

IF 1(0y) is invertible.
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ML Asymptotic Normality

Asymptotic Normality Conditions:
IF CLT for the score:

VTL; (00, f1) % N(0,1(80)) Y fre F as T — oc.

IF Uniform convergence of second derivative:

a.s

sup | L4 (0, filyr) — L' (8)| %30 V fi € F as T — oo.
0coO

IF 1(0y) is invertible.

IF 67 %3 6y € int(©) as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:
IF CLT for the score:

VTL; (00, f1) % N(0,1(80)) Y fre F as T — oc.

IF Uniform convergence of second derivative:

a.s

sup | L4 (0, filyr) — L' (8)| %30 V fi € F as T — oo.
0coO

IF 1(0y) is invertible.

IF 67 %3 6y € int(©) as T — oo.

THEN VT(07 — 00) % N(0,1(8p)"!) as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:
IF CLT for the score:

VTL(00, f1) 5 N(0,1(00)) V¥V fieF asT — oc.

IF Uniform convergence of second derivative:

a.s

sup |[L7(0, filyr) — L2 (0)] =0 V fi € F as T — oc.
(4SS

IF 1(0y) is invertible.

IF 67 %3 6y € int(©) as T — oo.

THEN VT(07 — 00) % N(0,1(8p)"!) as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:

IF 1(6)) is invertible.

IF 67 %3 6y € int(©) as T — oo.

THEN VT(07 — 00) % N(0,1(8y)"!) as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:

IE {(yi, f:(6, f1), f(0,11), f{'(6,f1))} is SE
vV (0, f1) €O x F.

IF 1(6)) is invertible.

IF 67 %3 6y € int(©) as T — oo.

THEN VT(07 — 00) % N(0,1(8y)"!) as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:

IE {(yi, f:(6, f1), f(0,11), f{'(6,f1))} is SE
vV (0, f1) €O x F.

IF Ely|™ < oo, E|f(0, f1))|™ < oo, E[f/(0, f1))|™ < co and
E|f{(0, f1))|™ < oco.

IF 1(6)) is invertible.

IF 67 %3 6y € int(©) as T — oo.

THEN VT(07 — 00) % N(0,1(8y)"!) as T — oo.

Francisco Blasques GAS models



ML Asymptotic Normality

Asymptotic Normality Conditions:

IE {(yi, f:(6, f1), f(0,11), f{'(6,f1))} is SE
vV (0, f1) €O x F.

IF Ely|™ < oo, E|f(0, f1))|™ < oo, E[f/(0, f1))|™ < co and
E|f{(0, f1))|™ < oco.

IF g, h, S and p, are smooth with bounded n'" derivative

IF 1(6)) is invertible.

IF 67 %3 6y € int(©) as T — oo.

THEN VT(07 — 00) % N(0,1(8y)"!) as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:

IE {(yi, f:(6, f1), f(0,11), f{'(6,f1))} is SE
vV (0, f1) €O x F.

IF Ely|™ < oo, E|f(0, f1))|™ < oo, E[f/(0, f1))|™ < co and
E|f{(0, f1))|™ < oco.

IF g, h, S and p, are smooth with bounded n'" derivative
IF Compact O.
IF 1(0y) is invertible.

IF 67 %3 6y € int(©) as T — oo.

THEN VT(07 — 00) % N(0,1(8y)"!) as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:

IE {(yi, f:(6, f1), f(0,11), f{'(6,f1))} is SE
vV (0, f1) €O x F.

IF Ely|™ < oo, E|f(0, f1))|™ < oo, E[f/(0, f1))|™ < co and
E|f{(0, f1))|™ < oco.

IF g, h, S and p, are smooth with bounded n'" derivative
IF Compact O.
IF 1(6y) is invertible.

IF 67 %3 6y € int(©) as T — oo.

THEN VT(07 — 00) % N(0,1(8y)"!) as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:

IE {(yi, f:(6, f1), f(0,11), f{'(6,f1))} is SE
vV (0, f1) €O x F.

IF Ely|™ < oo, E|f(0, f1))|™ < oo, E[f/(0, f1))|™ < co and
E|f{(0, f1))|™ < oco.

IF g, h, S and p, are smooth with bounded n'" derivative

IF Compact O.

IF 67 %3 6y € int(©) as T — oo.

THEN VT(07 — 00) % N(0,1(8p)"!) as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:

IE {(yi, f:(6, f1), f(0,11), f{'(6,f1))} is SE
vV (0, f1) €O x F.

IF Ely,|™ < oo, E|f(0, f1)[™ < oo, E|f(6,f1))]™ < 0o and
E|f{(8, f1))]™ < oc.

IF g, h, S and p, are smooth with bounded n'" derivative
IF Compact O.
IF Previous identification conditions on © and g, h, S and py,.

IF 07 %% 0y € int(©) as T — .

THEN VT(07 — 00) % N(0,1(8p)"!) as T — oo.
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ML Asymptotic Normality

Asymptotic Normality Conditions:

o IF {(y. f:(6.11), [1(0, 1), £/'(6, 1))} is SE
vV (0, f1) € © x F.

o IF Ely|™ < oo, E[fi(6, /1)) < oo, E[f/(8, /1)) <oo and
E[f{(0, f1)|™ < oc.

IF g, h, S and p, are smooth with bounded n'" derivative
IF Compact O.
IF Previous identification conditions on © and g, h, S and py,.

IF 07 %% 0y € int(©) as T — .

THEN VT(07 — 00) % N(0,1(8p)"!) as T — oo.
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}

Unknown DGP: (Incorrect Specification)

IF: {y+} is SE and E|y;|™ < oo (unknown DGP, test data)
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}

Unknown DGP: (Incorrect Specification)

IF: {y+} is SE and E|y;|™ < oo (unknown DGP, test data)

[F: Contracting update  fiy1 = w + as(ys, ft; \) + B[+
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}

Unknown DGP: (Incorrect Specification)
IF: {y+} is SE and E|y;|™ < oo (unknown DGP, test data)
[F: Contracting update  fiy1 = w + as(ys, ft; \) + B[+

THEN: {£f9(0, f1)} is SE and E[£V(0, f,)|"/ < occ.
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}

Unknown DGP: (Incorrect Specification)
IF: {y:} is SE and E|y|™ < 00 (unknown DGP, test data)
[F:  Contracting update  fir1 = w + as(ys, fi; A) + Bfi
THEN: {£f9(0, f1)} is SE and E[£V(0, f,)|"/ < occ.
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}

Unknown DGP: (Incorrect Specification)
IF: {y:} is SE and E|y|™ < 00 (unknown DGP, test data)
. Esupy ‘oz—l—ﬂ@s(yt,f;)\)/af‘ <1
THEN: {£f9(0, f1)} is SE and E[£V(0, 1)/ < cc.
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}

Unknown DGP: (Incorrect Specification)

o IF: {y}is SE and E|y|™ < oo (unknown DGP, test data)
IF: Esupf‘a+ﬂ83(yt,f;)\)/8f‘ <1
THEN: {£f9(0, 1)} is SE and E[£V(0, 1)/ < oc.

Known DGP: (Correct Specification)

DGP:ye = g(h(fe),we) fir1 =w +as(ys, f; \) + Bf
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}

Unknown DGP: (Incorrect Specification)

o IF: {y}is SE and E|y|™ < oo (unknown DGP, test data)
IF: Esupf‘a+ﬂ83(yt,f;)\)/8f‘ <1
THEN: {£f9(0, 1)} is SE and E[£V(0, 1)/ < oc.

Known DGP: (Correct Specification)

DGP:ye = g(h(f),ue)  fior =w+as(ye. fr: A) + B
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}

Unknown DGP: (Incorrect Specification)

o IF: {y}is SE and E|y|™ < 00 (unknown DGP, test data)
IF: Esupﬂa%—ﬂ@s(yt,f;)\)/af‘ <1
THEN: {£f9(0, f1)} is SE and E[£V(0, )" < occ.

Known DGP: (Correct Specification)

DGP: oy = g(h(fe),we) frr1 = w + asy(ug, fr; A) + Bfe
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}

Unknown DGP: (Incorrect Specification)
o IF: {y}is SE and E|y|™ < 00 (unknown DGP, test data)
[I: Esupy ‘a+ﬂ83(yt,f;)\)/8f‘ <1
THEN: {£{7(8, f1)} is SE and E|f{V(8, fi)|" < cc.

Known DGP: (Correct Specification)

DGP: oy = g(h(fe),we) frr1 = w + asy(ug, fr; A) + Bfe
[I': Esupy ]oz—i—ﬁasu(ut,f; A)/@f‘ <1
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Stationarity, Ergodicity and Moments

What we want: SE and Moments for {(y, f1(0, f1))}

Unknown DGP: (Incorrect Specification)
o IF: {y}is SE and E|y|™ < 00 (unknown DGP, test data)
[I: Esupy ‘a+ﬂ83(yt,f;)\)/8f‘ <1
THEN: {£{7(8, f1)} is SE and E|f{V(8, fi)|" < cc.

Known DGP: (Correct Specification)
DGPrye = g(h(fe)sue) fror = w+ asulug, fi; A) + Bfe
[I': Esupy ]oz—i—ﬁasu(ut,f; A)/@f‘ <1

THEN: {y} is SE and E|y|"™ < oo.
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Example: Time-Varying Volatility with GAS Dynamics

Let y = h(fo)ur , ut ~pu(N), fi =w+as(fe; )+ Bfi-1.
Then s:(fi;\) = —S(f2) - VA(f:) (Vpu(ut; Nug + 1)

Where Vh(ft) = %‘Z(ﬁﬁ) and qu(ut) — alo%};}t(ut)
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Example: Time-Varying Volatility with GAS Dynamics

Let yi =h(f)ue, w~pu(N), fi=w+asi(fuA)+Bfi1.
Then s:(fi;\) = —S(f2) - VA(f:) (Vpu(ut; Nug + 1)
where Vh(f;) = %}Tﬁ) and Vp,(ut) = %ﬂ

ex.1 If: S(f) =7, “(f) = VA(f) !
Then: CAN conditions are simple
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Example: Time-Varying Volatility with GAS Dynamics

Let yi =h(f)ue, w~pu(N), fi=w+asi(fuA)+Bfi1.
Then s:(fi;\) = —S(f2) - VA(f:) (Vpu(ut; Nug + 1)
where Vh(f;) = %}Tﬁ) and Vp,(ut) = %ﬂ

ex.1 If: S(f) =7, “(f) = VA(f) !
Then: CAN conditions are simple

ex.2 If: h(fy) =exp(fy) and S(fy) =1
Then: CAN conditions are simple
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Example: Time-Varying Volatility with GAS Dynamics

Let y = h(fo)ur , ut ~pu(N), fi =w+as(fe; )+ Bfi-1.
Then s:(fi;\) = —S(f2) - VA(f:) (Vpu(ut; Nug + 1)

where Vh(f;) = %j’cfﬁ) and Vp,(us) = 310%1;;@0

ex.1 If: S(f)) = I, *(f)) = VA(f) ™
Then: CAN conditions are simple

ex.2 If: h(fy) =exp(fy) and S(fy) =1
Then: CAN conditions are simple

ex.3 If: Nonlinear h and general S(f;)

Then: CAN conditions are more complicated
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CAN: Gaussian GAS

B

Global

CS SE
Nelson (1990)

Local CS v Local CS
CAN Consistency
0 2
a
Figure : CAN regions for Gaussian Volatility GAS

Yt = \/ﬁut . u;~ N(0,6%) , Inverse Info Scaling

Diagonal restriction 5 > 1 + « ensures f; > 0.
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Example: Time-Varying Volatility with GAS Dynamics

~-...._CS Local Consistency

| CS Local CAN

Global
CAN

0 0.5
a

Figure :  CAN regions for ¢-Volatility GAS in Creal at al. (2011)
ye =\ frug , ug~7(\) , Inverse Info Scaling

Diagonal restriction: 8 > (1 +3A71)a ensures f; > 0.
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Summary: Consistency and Asymptotic Normality

Q Estimation is really simple because the likelihood function

is immediately available!

@ We showed that the MLE is CAN under appropriate

regularity conditions

© We have seen that the size and shape of regions on which

we can establish CAN depend essentially on:

(1]

© © 0

ensuring strict stationarity and ergodicity
ensuring invertibility
ensuring enough moments exist

ensuring identification
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Summary: GAS Theory

o
2]

o
o

Introduced GAS model and discussed how intuitive it is!

We have seen how the GAS update adapts so well to the
distribution of the data

Showed that the GAS update is optimal in KL variation

Showed that optimality in KL variation may result in

substantially better model fit

Derived conditions for the invertibility and strict
stationarity and ergodicity of the GAS filter

Derived conditions for strict stationarity and ergodicity of
the GAS as a DGP

Showed that MLE is consistent and asymptotically normal

under appropriate conditions
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Today’s Schedule

09:00 - 10:15  Lecture

10:15 - 10:30  Coffee Break
10:30 - 11:30  Lecture

11:30 - 12:00  Informal Q&A

12:00 - 13:00 Lunch

13:00 - 14:15  Lecture

14:15 - 14:30  Coffee Break
14:30 - 15:30  Lecture

15:30 - 16:00  Informal Q&A
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